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Functions for the determinat ion of the p res su re  in narrow slots are obtained in the case of 
three-dimensional  flow with allowance for  the effect of slippage. The effect of slippage on 
the nature of the p ressu re  distr ibution in the gap between round disks during the sublimation 
of ice is demonstrated.  

In some industrial  vacuum equipment andevapora t ion-sub l imat ion  heat exchangers  the process  of 
sublimation and flow of the sublimate vapor  is accomplished in nar row slotted channels formed by the sub- 
limating walls.  

The modes of flow will vary  depending on the height of the slot and the p res su re  of the vapor in it. 
Not only can a viscous mode (Kn < 0.01) occur here but also a molecular -v iscous  mode (Kn > 0.01) and a 
t rans la t iona lmode  (0.1 < Kn < 1). Since the equations of motion and energy of the flow are s t r ic t ly  valid 
only in the region of smal l  enough Knudsen numbers,  and the well-known attempts to t r ans fo rm them for a 
descr ip t ion of the motion of raref ied  gases  are  ve ry  cumbersome [1, 2], the ord inary  Nav ie r -S tokes  equa- 
tions were used in the present  work with the insert ion into the boundary conditions of additional te rms  tak- 
ing into account the slippage and tempera ture  jump at the boundary of the s t r eam with the wall surface.  
Allowance for the effect of slippage made it possible to cover  the range of modes of pract ical  interest  c o r -  
responding not only to smal l  but also to medium Knudsen numbers  (from 0.01 to 0.1). 

Axially symmet r i ca l  flows of vapor  during sublimation in a nar row gap between round disks, co r -  
responding to the viscous mode with Kn < 0.01, were studied in [3]. Below we will examine the th ree -d i -  
mensional  flows of a raref ied  vapor  in nar row slotted channels with a phase t ransi t ion at the wails. 

It is assumed that the slotted channel has a flat middle surface and its height 2 h sat isf ies the condi- 
tion IVhl << 1, where V = i0 /~x + ~ - / ~ y .  The rectangular  coordinates 0xy are  introduced in the plane of 
symmet ry .  The distance f rom this plane is measured  by the coordinate z.  Since the height of the slotted 
channel in this case is small  compared with the scale of the vapor flow in the 0xy plane (h << L), the equa- 
tions of motion, continuity, and heat conduction can be represented in the following fo rm (separating out 
the t r ansve r se  velocity component v = u + kw, as in the analysis  of flow of an incompressible  fluid in a gap 
[4]); 

Ou 2- 02u - -  v P = p ( u v ) u  + pw -O-;S --~tV u, 
~ Oz 2 

OP O~w Ow _ puVW'- 
Oz - ~ ~ - -  pW-&z ~V2~" 

0 (Ow) 
+V(Oh-) = O, 

Oz 
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(2) 

(3) 
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Fig. I .  Dependence of function ~, 
on disk radius r, mm (13). 

Fig. 2. Var i a t ion  in p r e s s u r e  P, 
1) f rom [3]: 2) f rom Eqs .  (9)-(13). 
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Fig. 2 

on p res su re  P, N / m  2 (9)-(I2) and 

N / m  2 over  length of slot r, mm: 

0 @ O T ) = c z o p u v T +  OT 
oz &-z c~o~ &-z - v (~.vr). (4) 

The conditions corresponding to allowance for slippage and a tempera ture  jump must  be satisfied at 
the channel walls z = ~h(x, y): 

t'o  t a tt - -  1 ~- - -  ~ v,7T, (5) 
\ Oz )~=--h 4' 9T " 

T = T ~ o + 2 - - a  2 v l (OT' )  
" a 7 + t  Pr &-z . . . .  ~ ( 6 )  

Let us consider  the laminar  flow of a vapor in a slotted channel corresponding to small  Reynolds 
numbers  which charac te r i ze  these flows and the flows of an incompressible  fluid of the He le -Shaw type. 
Equations (4) and (6) only are used to es t imate  the degree of heterogenei ty  of the tempera ture  field along 
theheight  of the channel. For  this purpose we introduce the dimensionless coordinates ~ = x / L ,  ~? = y / L ,  
and g = z / h  m and the dimensionless  velocit ies U = v / U  0 and. W = w/V0, where h m = maxh(x, y ) . .  Neglect-  
ing the dependence of the thermophysica l  pa r ame te r s  on the tempera ture  and using some average values of 
these pa rame te r s  for the est imate,  we obtain in place of Eq. (4) 

-0~'T =Pe UV-~nT + W _.__~._v~ n , (7) 
04 

where V ~  = LV; the number  Pe = RePr  = epph~V0/(XL~) cha rac te r i zes  the ratio of the eonveetive and con- 
ductive eomponents of heat exchange in the vapor flowing in the slotted channel if L~ is the l inear scale c o r -  
responding to significant relative tempera ture  changes in the 0xy plane. We will assume that L , / L  = 0(1), 

If h~n/L a << Re, assuming that P r  < 1 for gases ,  we obtain the following est imate  for the rat io of the 
t empera tu re  drops AT h along the height of the slot to the tempera ture  drops AT L along the plane of sym-  
met ry :  AT L : A T h / A T  L = 0(Pe) = 0(Re). Using the lat ter  resul t  and the condition (6) we can est imate  the 
size of the tempera ture  jump ( T - T w ) / A T  L = 0 (KnRe). 

We will use the equation of state for an ideal gas 

p = P/(RT). (8) 

F rom (1)-(3) one can obtain an est imate  for the ra t io  of the p res su re  drops along the height of the slot  
and in the plane of symmet ry :  A P h / A P  L = 0(h2/L2). Thus, one can assume that the pa ramete r s  p, T, 
and P of the vapor  are  prac t ica l ly  constant along the height of the slot and the sublimation at the walls p ro -  
ceeds in a quasi-equi l ibr ium fashion, i.e., the p r e s su re  and tempera ture  of the vapor in the slot can be r e -  
1 ated by the C l a p e y r o n -  Claus ius equation: 

T = A F(P), F(P) = RT, /A 
R 1 - -  (RT,/A) In (P/P,) 
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Fig. 3. D i a g r a m  of flat  s lot  
with obs t ruc t ions  at outer  
boundary.  

Since the ra t io  of the t e r m s  on the r ight  side of Eq.  (1) to the 
t e r m s  on the left side has the o rde r  of magnitude of Re or  h 2 / L  2, 
they can be neglected in the l inear  approximat ion  to which we a re  
l imited he re  and the following expres s ion  can be wri t ten for  the 
dis t r ibut ion of the longitudinal ve loci ty  component  of the vapor  over  
the height of the slot.  

( i  ) - -  h2 + 2 2 - - G  l z 2 3 ~ vT. 
u = - -  2~ ~ h h e  vP  + ~ oT- 

Since l = 1.26#'fT/(pa) and a = qTRT, we obtain 

h 

1 ~ h e [ l ~ 2 - a  3.78~ 9 ~t~dlnF(P)] 
V - - - h -  udz = 3---~ ~ ph ]/R-T 4 ph' ~ J V P" 

0 

We can find the p r e s s u r e  dis t r ibut ion in the gap between the 
subliming su r f aces  f r o m  the equation of m a t e r i a l  balance 

V (hpV) = Jm, 

where Jm is the intensi ty of sublimation,  which can be given e i ther  as a function of the coordinates  Jm(X, y) 
which is propor t iona l  to the speci f ic  power  of the heating e lements ,  o r  as a function of the p a r a m e t e r s  of 
s ta te  of the vapor  flowing in the gap [3]. 

In addition, the p r e s s u r e  P of the vapo r  must  be given in the sec t ions  of tl{e contour  l imit ing the 
region of flow. In the sec t ions  cor responding  to the cons t ruc t ion  e lements  blocking the slot ted channel 
the component  of the ve loc i ty  V no rm a l  to the contour  is equal  to ze ro .  

If the height of the s lot  is constant,  the la t te r  equation can be r ep re sen ted  in the f o r m  

P 

V*~ = 3~J'nh S ' ~ =  .f ((I)1 -~- (I).,_ -'7 (I)a) dP, (9) 

P ,  

whe re  

P 2 - - G  3.78~t 9 ~0- d lnF(P)  ~1 = : ~ - ;  O9.a-- - -  ; -- " " 
G h V R f -  % 4 h e dP 

p2_ p, 1 p~ P F - -  P~ . (lo) 
~x-= 2RT, A ~ - l n  p ,  ~ 4 ~ '  

In 1 In . (11) 
4 h e A 

If I ( R T , / A ) I n ( P / P * ) l  << 1, then in the expansion 

V 1  RT, P 1 RT, P l n - ~ ,  = 1  --  In + . .  
A 2 A P,  

one can be confined to the f i r s t  few t e r m s .  Then 

2 a 3.78p [ 1 RT. ( P P. ) ~g2--~ p--P, P In --I 

1 ( _ _ ~ ) 2  ( P P P * )  ] (12) P In 2 2 In - -  - -  2 . . . . .  
8 P.  P .  P ,  

Thus,  if Jm = Jm (x, Y), then in the p resen t  case  the de te rmina t ion  of the p r e s s u r e s  in the s lot  comes  
down to a s e a r c h  for  the solution @ of the boundary p rob l em for  the Po i s son  E quation (9) in the region bounded 
by the contour  r ,  which cons i s t s  of the sec t ions  I ]  and r ~  0, k = 1, z , . . .  ). m the sec t ions  r]  the values  
of the function cor responding  to the given p r e s s u r e s  Pj a re  known. In the sec t ions  F~ the der iva t ive  in 
the d i rec t ion  no rm a l  to the contour is 0@/Sn = 0. 

As an example  let us examine the flow of a vapor  during subl imat ion in an open gap between round 
disks of radius r 2. The ex te rna l  p r e s s u r e  is a s sumed  to equal P,, i .e. ,  @ = ~I,, = l , (p,)  when r = r 2. The 
p r e s s u r e  d is t r ibut ion  of the vapor  when J m  = const  co r r e sponds  to the following function ~I,: 
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Fig. 4. 

Fig. 5. 
plane. 
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F i g .  4 

�9 I -b -t  -a  a t 0--~, ' u  
T 

F i g .  5 

C o n f o r m a l  m a p p i n g  of r e g i o n  A tBIBnAn  onto r e c t a n g l e .  

C o n f o r m a i  m a p p i n g  of r e c t a n g l e  (F ig .  4) onto  u p p e r  ha~f- 

--  ~F' ' 3,uJ,, (r~_r~). (13) 
4M - 

E x p e r i m e n t a l  d a t a  o b t a i n e d  in  [3] in  a s tudy  of  the  f low of a v a p o r - s u b l i m a t e  in the gap  b e t w e e n  round  
d i s k s  w e r e  u sed  to e s t i m a t e  the  e f fec t  of s l i p p a g e  at  the w a l l s  of the channe l .  The  i n i t i a l  d a t a  fo r  the  c a l -  
c u l a t i o n  a r e :  he igh t  of s l o t  2h = 2 mm,  d i a m e t e r  of d i s k s  2 r  2 = 130 mm,  i n t e n s i t y  of s u b l i m a t i o n  J m  = 0.49 

�9 10 -4 k g / m  2 . s ec ,  p r e s s u r e  in C h a m b e r  P = 5.33 N / m  2, f r a c t i o n  r of m o l e c u l e s  r e f l e c t e d  d i f f u s e l y  f r o m  
w a l l s  t a k e n  a s  0.9. In th i s  mode  of f low Kn ~ 0.1. 

T h e  o r d e r  of the c a l c u l a t i o n s  was  as  fo l lows .  1) we c h o o s e  a P .  and a T .  c o r r e s p o n d i n g  to it on the  
s a t u r a t i o n  c u r v e  fo r  w a t e r  v a p o r s  o v e r  i ce ;  2) we se t  an a r b i t r a r y  t e m p e r a t u r e  T and d e t e r m i n e  the p r e s -  
s u r e  P f r o m  the C l a p e y r o n - C l a u s i u s  equa t ion  with  a c a l c u l a t i o n  which  e n c o m p a s s e s  the  a s s u m e d  r a n g e  of 
v a r i a t i o n  in p r e s s u r e  o v e r  the  length  of the s l o t ;  3) u s ing  E q s ,  (9)-(13) we c o n s t r u c t  g r a p h s  of �9 = ~ (P)  
and �9 = ~ ( r )  (F ig .  1); 4) f r o m  the g r a p h s  of @ = ~ (P )  and ~t, = ~I,(r) we find P = P ( r )  (F ig .  2). 

The  d a t a  ob ta ined  in [3] wi thout  a l lowing  fo r  s l i p p a g e  at the  w a i l s  of the  s l o t  a r e  a l s o  p r e s e n t e d  in 
F i g .  2 fo r  c o m p a r i s o n  ( cu rve  1). It i s  s e e n  f r o m  the  f i g u r e  tha t  i g n o r i n g  the s l i p p a g e  e f f ec t  in o u r  c a s e  
l e a d s  to a p r e s s u r e  about  1.3 t i m e s  h i g h e r  at  the c e n t e r  of the  d i s k s .  

In the  p r e s e n t  w o r k  we n e g l e c t  the r e s i s t a n c e  of the  p h a s e  t r a n s i t i o n  APph b e c a u s e ,  a s  a c a l c u l a t i o n  
shows ,  the  h y d r a u l i c  r e s i s t a n c e  A P  h is  much  g r e a t e r  in the r a n g e  of m o d e s  of f low u n d e r  c o n s i d e r a t i o n .  
F o r  e x a m p l e ,  fo r  r 2 = 6 5 r a m ,  2 h = 2 m m ,  fl ~ 1 ,  a n d o - ~ l :  

for Kn =: 0.1 ~-~Ph~o.o08,  
"~Ph 

APph 
for Kn := 0.01 . . . . .  ~ 0.05. 

AP h 

In s o m e  s u b l i m a t i o n  h e a t - e x c h a n g e  e q u i p m e n t  of the  c a s s e t t e  type  [5] the  c o n s t r u c t i o n  e l e m e n t s  m a y  
be  l o c a t e d  d i r e c t l y  at  the  end f ace  of the c h a n n e l s ,  b l o c k i n g  the s p a c e  fo r  the e s c a p e  of v a p o r  and e x e r t i n g  
a c e r t a i n  e f f ec t  on the p r e s s u r e  d i s t r i b u t i o n  a long  the length  of the s l o t .  T h e r e f o r e  a s  an e x a m p l e  l e t  us  
c o n s i d e r  the s u b l i m a t i o n  in the  gap  b e t w e e n  round  d i s k s  (F ig .  3) c l o s e d  a long  the a r c s  DkE k (k = 1, 2, 
. . . , n) d i s t r i b u t e d  u n i f o r m l y  a long  the c i r c u m f e r e n c e  r = r2, wi th  a r a d i a l  d i s t r i b u t i o n  of  i n t e n s i t i e s  ( Jm 
= J m ( r ) ) .  It is  a s s u m e d  tha t  a t  the i n n e r  edge  (r  = r 1) the  p r e s s u r e  is  P = Pl0I,(Pl) = ~ ' ) ,  and at  the open 
s e c t i o n s  of the  o u t e r  b o u n d a r y  (r  = r2) the  p r e s s u r e  i s  P = P2(~(P2) = ~ , ) .  

T h e  func t ion  ~t, i s  sough t  in the  f o r m  of  the  s u m  ~l' o + ~I,r, w h e r e  

, 3 ~  : dr.  
~ F 0 =  ~ '  -'- J,, (%) rodr o , (14) 

h3 , . r ,  
f= if. 

while the harmonic function ~r because of the symmetry of flow is determined in the region AIBIBnAn, at 
the boundary of which it satisfies the conditions 

Hr,, = 0 at B,,Bt; T~ = T " . - - x g  o (r 2) :at DnD 1, 

O~F,./Or = 0 at D1A 1 and D,,A,,; (15) 

.0T,./&p = 0 at A1Bt aM A,,B,. 
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The  func t ion  z = - i  In (R / r2 )  = 9 + i In ( r 2 / r )  c o n f o r m a l l y  m a p s  th i s  r e g i o n  onto a r e c t a n g l e  (F ig .  4 ; 
Re  = r e i g ) w h i e h  i s  c o n f o r m a l l y  m a p p e d  onto an  u p p e r  h a l f - p l a n e  ( F i g .  5) by  the  f tmct ion  

z = c V(]-- w2)(1"-h2~ ~) 
0 

T h e  c o e f f i c i e n t s  k a n d c  a r e  d e t e r m i n e d  f r o m  the equa t ions  ( F i g s .  4 and 5) 

1 

S cz = 2c du = 2cK (k) = 2z~/n, 
V (1 - -  ue)(1 - -  k2u 2) 

0 

1/k 

du = cK (k') = In r~ 
= c V (u ~ -  1)(1 - - k e u  ~) rl 

1 

w h e r e  K(k) and K(k ' )  a r e  c o m p l e t e  e l l i p t i c a l  i n t e g r a l s ;  k '  = 14~-~-k 2. Consequen t ly ,  c = ~r/[nK(k)].  The  
p a r a m e t e r  k can  be found, knowing x = K(k ' ) /K(k )  = ( n / ~ r ) l n ( r 2 / r l ) ,  f r o m  a t ab l e  of k 2 = f(q) [6], w h e r e  
q = e-Trn _ ( r l / r 2 )  n. 

The  s e a r c h  f o r  ~ r  c o m e s  down to the s o l u t i o n  of the K e l d y s h - S e d o v  p r o b l e m  th rough  the i n t r o d u c t i o n  
of the  a n a l y t i c a l  func t ions  f = ~ r  + i ~ i  and fl = d f / d w  = 9 + i #  [7]. S ince  9 = ~ r / 0 U ,  @ = - 0 ~ r / 0 V ,  
in  p l a c e  of (15) one can  w r i t e  9 = 0 on GBn, DnD1, and B1G and ~I, = 0 on BnD n and D1B 1. 

T h u s ,  

v'  (w" - -  m ) ( w ~  - -  b~) ~ / ., 

b~-  1/k, 

T~ = Real [ = Real .f f t  (w) dw + IF' - -  ~F o (re). 
0 

(16) 

B e c a u s e  of the s y m m e t r y  of @r r e l a t i v e  to  the  0v ax i s  Y0 = 0. The  c o e f f i c i e n t  Yl i s  d e t e r m i n e d  f r o m  
the  cond i t i on  

Tr (B1) -- T, (D1) = W0 (r2) --  ~" = 71 

Consequen t l y ,  

b 

, udu --  ~%'1i , i . e . ,  71 = [ 1F" - -  ~o (r)]. 
V (u 2 - -  a~)(u 2 - -  b') 2 

[ = [ ~ F ,  To(r2)] ( l + 2i In V a ~ - w 2  ~/Zb2~2 ) 
, n a ~ b  " 

When Pi  ~- P2 the po in t s  c o r r e s p o n d i n g  to  the  m a x i m u m  p r e s s u r e  of the  v a p o r  wi l l  l i e  at  the  open ings  AkB k 
(a < 1 < u < b).  A long  such  an  open ing  the func t ion  �9 i s  d e t e r m i n e d  by  the equa t ion  

2 a r c t g V ~ ]  

T h e  r a d i u s  c o r r e s p o n d i n g  to  the po in t  (u, 0) i s  e q u a l  to 

r = r . e x p  --nK(k----~ ~ ' 

H e r e  F(w, k) i s  an  e l l i p t i c a l  i n t e g r a l  of the f i r s t  k ind .  

The  f low r a t e  of  the  v a p o r  t h r o u g h  the open p a r t  of the  c on tou r  r = r 2 i s  d e t e r m i n e d  by  the e x p r e s s i o n  

2nha  ( 01~ O~ $ FrnF' O~ff r 
Q = 3~ J Ov du, ~ v  - - O v  

0 

T---- I m [ l ~  2 [~F"--W 0(r~)] u 
- s  V (~  - ~(b~ - u'-) 

Thus ,  

2nh~ 1 + ak 
Q = - -  [W"--  Wo(r2)] In - -  

3x~ 1 - -  ak 
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J m  
2h and 2r 2 
T, P, p, and# 

T. and P, 
A 
R 

)~ and o~ 
cr 

l 

7 = Cp/Cv; 
v 
u 

V 
K n  = U 2 h  

Re = pVh2 / p L  
a 

L 

NOTATION 

is the sublimation intensity; 
are the height and length of slot; 
are the temperature, pressure, density, and coefficient of dynamic viscosity of vapor 
in slot; 
are the temperature and pressure of vapor on saturation line; 
is the latent heat of sublimation; 
is the gas constant; 
are the coefficients of thermal conduction and accommodation; 
is the fraction of molecules diffusely reflected from walL; 
is the free path length of molecules; 

is the transverse component of velocity of vapor perpendicular to middle surface; 
m the longitudinal component of velocity of vapors; 
is the velocity of vapor; 
Is the Knudsen number; 
is the Reynolds number; 
is the speed of sound; 
is the characteristic scale in plane of slot; 
is the condensation coefficient~ 

1, 
2. 

3. 

4. 

5. 
6. 

7. 
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